Summary. Solving equations in integers is an important part of the number theory [29] . In many cases it can be conducted by the factorization of equation's elements, such as the Newton's binomial. The article introduces several simple formulas, which may facilitate this process. Some of them are taken from relevant books [28] , [14] .
Divisibility of Newton's Binomial
From now on a, b, c, d, m, x, n, j, k, l denote natural numbers, t, u, v, z denote integers, f , F denote finite sequences of elements of N, p, q, r, s denote real numbers.
Let a be a complex. Note that 1 · a 0 reduces to 1.
Let n be a non zero natural number. One can check that 0 n reduces to 0. Let a be a natural number. Let us observe that |a| reduces to a. Let us note that gcd(a, 0) reduces to a. Let us consider t and z. Let us note that (t mod z) mod z reduces to t mod z.
Observe that 0 mod t reduces to 0. Let us consider u and z. One can check that 0 + u · z mod z reduces to 0. Let r be a non zero real number and n be an even, natural number. One can verify that r n is positive. Now we state the propositions:
(1) gcd(t, z) = gcd(−t, z). The theorem is a consequence of (3). (5) (i) gcd(t + u · z, z) = gcd(t, z), and
(ii) gcd(t − u · z, z) = gcd(t, z). (6) If n > 0, then t | t n . (7) gcd(a n , b n ) = (gcd(a, b)) n .
Proof: If gcd(a, b) = k, then gcd(a n , b n ) = k n by [22, (21) ], [16, (12) ], [11, (15) ], [21, (7) , (11) , ( The theorem is a consequence of (5). (9) gcd(t, z) is even if and only if t is even and z is even.
Proof: If gcd(t, z) is even, then t is even and z is even by [22, (21) ]. (10) (i) t | (t + z) n − z n , and
(ii) z | (t + z) n − t n .
Proof: Define P[natural number] ≡ t | (t + z)
by [21, (4) ], [30, (11) ]. If P [x] , then P[x + 1] by [16, (4) ], [21, (8) ].
For every m, P[m] from [2, Sch. 2]. (11) u | (u + z)
n if and only if u | z n . The theorem is a consequence of (10) .
The theorem is a consequence of (11).
n − u n . The theorem is a consequence of (10).
The theorem is a consequence of (7) and (3) . (16) If n > 0 and t (t + z) n , then t z. The theorem is a consequence of (14) .
by [22, (12) , (2)], [21, (6) ], [22, (1) ].
The theorem is a consequence of (11) and (10) .
The theorem is a consequence of (17) .
The theorem is a consequence of (17) and (19) .
The theorem is a consequence of (6) and (10).
The theorem is a consequence of (20) .
The theorem is a consequence of (19) .
The theorem is a consequence of (22) . [16, (4) ]. (32) If a and b are relatively prime and a + b > 2 and n is odd, then a + b a n − b n . The theorem is a consequence of (31) . (33) If a and b are relatively prime and a + b > 2 and n is even, then a + b a n + b n . The theorem is a consequence of (31).
Let us assume that a and b are relatively prime. Now we state the propositions: Proof: if r < s, then r c < s c and if r c < s c , then r < s by [24, (6) ], [2, (14) ], [21, (11) ], [25, (37) ].
(41) Let us consider non negative real numbers r, s. If r s, then r n s n . The theorem is a consequence of (40).
(42) If a > 0 and n > 0, then there exists r such that a n + b n = r n .
(43) There exists b such that b n+1 a < (b + 1) n+1 .
Proof:
(44) If n > 0 and a > b and a and b are relatively prime, then gcd(a n + b n , a n − b n ) 2. The theorem is a consequence of (40) and (8).
(45) If a + b | c and a and c are relatively prime, then a and b are relatively prime. The theorem is a consequence of (5).
(46) If t and z are relatively prime and t and u are relatively prime and t is even, then u + z is even and u − z is even and u · z is odd.
(47) If a and b are relatively prime and c is even and a n + b n = c n , then a + b is even and a − b is even.
(48) If a is even and a and b are relatively prime, then a − b and a + b are relatively prime. The theorem is a consequence of (9), (8), and (1).
(49) If a and b are relatively prime, then a + b and a · b are relatively prime. The theorem is a consequence of (5).
The theorem is a consequence of (3).
The theorem is a consequence of (51).
(53) If a and b are relatively prime, then 3 (
(56) If n > 0 and a = b, then 2 · a n · b n < a 2·n + b 2·n . The theorem is a consequence of (55).
(57) If b > 0, then there exists n such that b 2 n and b < 2 n+1 .
Proof: Consider a such that b = 1+a. There exists n such that a+1 2 n and a + 1 < 2 n+1 by [21, (6) [27, (16) ]. 
(63) If a is odd and b is odd, then 8 | a 2 − b 2 . The theorem is a consequence of (62). (58) and (68).
Now we state the propositions:
(72) If a is odd and b is odd and m is even, then a m + b m = c m .
Proof: If a is odd and b is odd, then a 2·n + b 2·n = c 2·n by [21, (9) ]. (73) If t and z n are relatively prime and n > 0, then t and z are relatively prime. The theorem is a consequence of (6).
Let us assume that a and b are relatively prime. Now we state the propositions:
The theorem is a consequence of (34) and (5). (75) a+b and a 2 +b 2 +a·b are relatively prime. The theorem is a consequence of (74) and (73). (76) 
The theorem is a consequence of (35), (5), and (1). Now we state the propositions: 
Let us consider a positive natural number n. Now we state the propositions: (81) k · (a n + 1) mod a = k mod a. The theorem is a consequence of (80).
The theorem is a consequence of (81).
(83) b · (a n + 1) m + c · (a n + 1) l mod a = b + c mod a. The theorem is a consequence of (82). Now we state the propositions: (84) Let us consider positive natural numbers a, n. Then a | b · (a n + 1) m + c · (a n + 1) l if and only if a | b + c. The theorem is a consequence of (83).
(85) If |t| < a, then t mod a = |t| or t mod a = a − |t|. (14) and (50). (92) Let us consider non zero natural numbers a, n. Suppose t mod a = z mod a. Then t n mod a = z n mod a.
The theorem is a consequence of (18) . 
n . The theorem is a consequence of (100) and (15) . (102) t n ≡ t m (mod t − 1). The theorem is a consequence of (18).
Fermat's Little Theorem Revisited
In the sequel a, b, c, d, m, x, n, k, l denote natural numbers, t, z denote integers, f , F , G denote finite sequences of elements of R, q, r, s denote real numbers, and D denotes a set.
Now we state the propositions: (109) If n ∈ dom f , then (f n)(1) = f (1). The theorem is a consequence of (107).
(110) Let us consider a finite sequence f of elements of R. If n ∈ dom f , then len(f n) = n.
Let us consider s. Observe that s is R-valued. Let us consider D. Let f be a D-valued finite sequence. Let us consider n. Let us note that f n is D-valued.
Let f be a finite sequence of elements of D. Observe that f n is D-valued. Now we state the proposition:
(111) Let us consider a finite sequence f of elements of C.
Let us consider n. Note that ∅ n is empty. Let us consider f . One can check that (f n) n is empty. Let us consider D. Let f be a D-valued finite sequence. One can verify that f n is D-valued.
Let f be a finite sequence of elements of N. Observe that f (n) is natural. Let us consider k. One can verify that (f n)(k) is natural and (f n) 1 (k) is natural.
(113) Let us consider a finite sequence f of elements of R. Suppose k ∈ dom f n and n ∈ dom f . Then n + k ∈ dom f . The theorem is a consequence of (110).
(114) Let us consider a positive natural number k.
(115) Let us consider a positive natural number n.
The theorem is a consequence of (112) and (109).
(116) If n + 1 = len f , then f n = f (n + 1) .
Let us assume that (f n) 1 is not empty. Now we state the propositions:
The theorem is a consequence of (110).
(118) len(f n) 1 < n. The theorem is a consequence of (110). Proof: Define P[natural number] ≡ ($ 1 + 1)! > 2 $ 1 . P [2] by [21, (14) , (15) Proof:
by [21, (81) , (14)].
For every natural number k such that k 2 and P[k] holds P[k + 1] by [24, (10) ], [21, (15) , (6) n) 1 (k) by (128), (110), [2, (13) ], [31, (25) ]. If n is prime and k < n, then n | ( n 0 , . . . , n n n) 1 (k) by [31, (25) ], (128), (110), [2, (13) ].
(138) Let us consider a prime natural number n. Then n | 2 n − 2. The theorem is a consequence of (103), (137), and (133).
Let k be a positive natural number. Let us consider n. Let us note that n k − n is natural. Now we state the propositions:
(139) Let us consider prime natural numbers k, n.
The theorem is a consequence of (138).
(140) Let us consider an odd prime number n. [21, (6) ], [33, (7)], [21, (9) ]. Let n be a natural number. The functor n \ yielding a finite sequence of elements of R is defined by the term [31, (25) ], (118), [2, (13) , (10)
n − (a n + b n ). The theorem is a consequence of (103), (152), and (146). Now we state the propositions:
(154) Let us consider a prime natural number n. Then n·a | (a + 1) n −(a n +1).
The theorem is a consequence of (153). Let us consider a prime natural number n. Now we state the propositions:
(160) n | a if and only if n | a n .
(161) n | a n + 1 if and only if n | a + 1. The theorem is a consequence of (158). k·n − (a n + b n ) k . The theorem is a consequence of (153).
(166) If n · a · b | (a + t) n − (a n + b n ), then n · a · b | (a + b) n − (a + t) n . The theorem is a consequence of (153). Now we state the proposition: (167) Let us consider a prime natural number n, and positive natural numbers a, b, c. If n · a · b | c − b, then n · a · b | a n + b n − (a + c) n . The theorem is a consequence of (153). Let us consider a prime natural number p. Now we state the propositions: (168) If p = 2 · n + 1, then p | a or p | a n − 1 or p | a n + 1. The theorem is a consequence of (156). (169) If p a, then there exists n such that p | a n − 1 and 0 < n < p. The theorem is a consequence of (157). Now we state the propositions: 
